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1 Introduction 



Let (M, g) be a Riemannian four-manifold with anti-self-dual (ASD) Weyl 
curvature. The metric g is said to have cohomogeneity-one if (M, g) admits 
an isometry group acting transitively on codimension-one surfaces in M. We 
shall say that a conformal structure [g] on M has cohomogeneity-one, if there 
exists a cohomogeneity-one metric (7 G [g]. 

The four- dimensional cohomogeneity-one metrics can be classified ac- 
cording to the Bianchi type of the three-dimensional real Lie algebra [1] 
of the isometry group G. Locally M = M x G, and the problem of find- 
ing ASD cohomogeneity-one metrics reduces to solving a system of ODEs, 
as the group coordinates do not appear in the Weyl tensor. Moreover, the 
reduction-integrability dogma suggests that the resulting ODEs will be in 
some sense solvable as the underlying anti-self-duality equations are inte- 
grable by twistor transform p3| [HI H]. This is indeed the case. If G = SU (2) 
then the ODEs reduce to Painleve VI, or (if additional assumptions are made 
about the metric) Painleve III ODEs [IZl El [IHl HE [131 El [2]. In [11] Tod 
has analysed the general case of conformal ASD cohomogeneity-one metrics 
with arbitrary group, diagonal in the basis of left-invariant one forms on 
the group. He has shown that cohomogeneity-one diagonal Bianchi V met- 
rics are conformally flat. The diagonalisabilty assumption can only be made 
without loss of generality if the underlying metric is Einstein, so the existence 
of non-diagonal Bianchi V conformal structures has not been ruled out in 
Tod's work. In particular he has raised a question whether such structures 
(if they exist) can admit a Kahler metric in a conformal class. In this paper 
we shall use the method of isomonodromic deformations to construct all such 
conformal structures. 

Let g be a Lie algebra of Bianchi type V, and let G be a corresponding 
simply connected Lie group (see Appendix). The left-invariant vector fields 
on G satisfy 

[Lo,Li] = Li, [Lo,L2] = L2, [Li,L2] = 0. (LI) 

A general cohomogeneity-one metric on M = M x G will be have the form 

g = dt^ + hjkit)\^ QX'', j,k = 0,1,2 

where A-' are the Maurer-Cartan one-forms on G such that LjJ A^ = 6j^. 

We will say that a group action on a complex manifold is holomorphic if 
Lie derivatives of the complex stucture along any of the generators vanish. 
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Theorem 1.1 Any cohomogeneity-one Bianchi V ASD conformal structure 
which admits a Kdhler metric such that the group acts holomorphically can 
be locally represented by a cohomogeneity-one metric 

c/ = e^0e^ + e2©e^ (1.2) 

where the complex one-forms e^,e^ are dual to the vector fields 

Ei = dt- -{tqLq + riLi + rsLa), E2 = PqLq + piLi + P2L2 

and the real functions r(t) = (ro(t), ri(t), r2(t)) and complex functions p(t) = 
{poit) , pi(t) , p2(t)) satisfy the linear system of ODEs 

dr dp dpo dro 

- = t/m(poP), t- = .(rop-por), ^ = 0, — = (1.3) 

such that det [r, p, p] 7^ 0. 

We shall prove this theorem in Section [21 where we shall also show that 
equations (11. 3p reduce to the Bessel equation and quadratures. 

All ASD Kahler metrics have vanishing scalar curvature - we shall follow 
LeBrun [10] in calling them scalar-flat Kahler - and conversely all scalar- 
flat Kahler metrics have anti-self-dual Weyl tensor (we choose the natural 
orientation, where the Kahler two-form is self-dual). In Section [3] we shall 
construct the Kahler structure in the conformal class of Theorem 11.11 We 
shall demonstrate that although a G-invariant conformal factor turning the 
metric (II. 2p into a Kahler metric does not exist, there is a simple function 
on G which does the job. We shall prove 

Proposition 1.2 Any conformally Bianchi- V scalar-flat Kdhler metric can 
locally be put into a form 

9k = 9, (1-4) 
where g is given by ( \1.2\\ and Q : G ^ is a function on the group such that 

Lo{n) = n, Li(fi) = o, L2{n) = o. (1.5) 

The holomorphic (1,0) vector fields are given by Ei and E2. Moreover gx is 
Ricci flat if and only if it is flat. 
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The right-invariant vector fields Rj on G generate the conformal transfor- 
mations of the Kahler metric fll.4l) 

^RoQk = '^Qk-, ^RiQk = 0, Cr^Qk = 0, 

where C denotes the Lie derivative. If we choose coordinates (p, a;^,a;^) on G 
(see Appendix) such that 

Lo = P^, Li = pA, L2=p^, pGR+,(x\x2) GM' 
then Q = p. 

Equations (II. 3p imply that tq and po are constants. The remaining equa- 
tions reduce to the Bessel equation possibly with imaginary order. A partic- 
ularly simple class of solutions characterised by tq = is 

r = (0,tJi(t),tri(t)), p = {l,tMt),tYo{t)), 

where Jait) and Ya{t) are Bessel functions of first and second type of order a. 
This leads to the following example of a Bianchi-V scalar fiat Kahler metric 

gK = ^{dp^ + p^dt^) + GAB{t)dx^dx^, A,B = 1,2 (1.6) 

""^0^0 — JiYi Jq ~^ Ji ) 

All scalar-fiat Kahler metrics admitting a Killing vector which also pre- 
serves the Kahler form arise from the LeBrun's ansatz [10], and are deter- 
mined by a solution to the SU (oo)-Toda field equation 

+ + (e")^^ = 0, where u = u{x,y,z), (1.7) 

together with a solution to its linearisation. Kahler metrics arising from 
Proposition 11.21 admit a two-dimensional group of symmetries (generated 
by the right translations R\ and R2) preserving the Kahler from. Thus any 
linear combination of R\ and R2 should lead to a solution of (11. 7p . In Section 
Hlwe shall characterise the solutions corresponding to the metric (11. 6p . They 
admit a two-dimensional non-abelian group of Lie point symmetries and can 
be found by making an ansatz u = u{y/z). 

Acknowledgements. We are grateful to Philip Boalch, Andrew Dancer 
and Paul Tod for helpful discussions. 
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where G{t) = 




2 ASD structures and isomonodromy 



A Kahler structure on a four-dimensional real manifold M consists of a pair 
((?, /) where g is a. Riemannian metric and / : TM — )■ TM is a complex 
structure such that, for any vector fields X, F, g{X^ Y) = g{IX, lY) and the 
two-form u defined by 

uiX,Y)=giIX,Y) 

is closed. Given an orientation on M the Hodge operator * : — )■ 
satisfies *^ = Id and gives a decomposition A^ = A^ © A^ of two — forms 
into self-dual (SD) and anti-self-dual (ASD) components. The two-form u 
induces a natural orientation on M given by the volume form u A u. With 
respect to this orientation u is self-dual. It is well known H] that if the 
scalar curvature of a Kahler metric vanishes, then the Weyl tensor of the 
underlying conformal structure is ASD. Conversely ASD Kahler metrics are 
scalar-fiat. 

A convenient way to express the ASD condition on a conformal structure 
is summarised in the following theorem. The theorem below is originally due 
to Penrose [15], but taken in this form from [Til H]- 

Theorem 2.1 Let Ei,E2 be two complex vector fields in TM (g) C and let 
e^,e^ he the corresponding dual one-forms. The conformal structure defined 

by 

g = Qe^ + Qe^ 

is ASD if and only if there exists functions /o, /i on M x CP"*^ holomorphic 
in X E CP^ such that the distribution 

/ = El - AE2 + /o^, m = -E2 - XEi + fi-^ (2.8) 

OA oX 

is Frobenius integrable, that is, [I, m] = modulo I and m. 

A general ASD conformal structure [g] does not admit a Kahler metric in its 
conformal class. The existence of such metric is characterised by vanishing 
of higher order conformal invariants of [g] [6J. In what follows we shall use 
a simpler twistor characterisation of ASD metrics which are conformal to 
Kahler. 
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2.1 Twistors and divisors 

Let us complexify (M, g) and regard M as a holomorphic four-manifold with 
a holomorphic metric g 

g = (^yoo' yii' _ yol' yio') , (2.9) 

where V^"^' ,A, A' = 0, 1 is the null tetrad of one forms written in the two- 
component spinor notation. The reality conditions can be imposed to recover 
the Riemannian metric by setting 

Let Vaa' be the corresponding tetrad of vector fields so that the integrable 
distribution of Theorem 12.11 is 

l = Voo'-XVor + fo^, m = Vio'-\Vn' + fi^. (2.10) 

oX OA 

A twistor space of (M, ^f) is the space of two-dimensional totally null surfaces 
spanned by Vqo' — AVqi', Vio' — AVii' in M. It is a three dimensional complex 
manifold Z which arises as a quotient of M x CP^ by /, m. The points in 
M correspond to rational curves (called twistor curves) in Z with normal 
bundle (9(1) © (9(1), where 0{n) is a line bundle over CP^ with Chern class 
n. The holomorphic canonical line bundle k of Z restricted to any of these 
curves is isomorphic to (9(— 4). To reconstruct a real four-manifold M, the 
twistor curves must be invariant under an anti-holomorphic involution r on 
Z which restricts to an antipodal map on each curve. 

A theorem of Pontecorvo fTB] states that an ASD conformal structure 
(M, [g]) admits a Kahler metric if and only if there exists a section D of the 
bundle 0{2) = over the twistor space Z of (M, [g]), with exactly two 

distinct zeros on each twistor line. The section must be r invariant, so its 
zeroes lie on the antipodal points on each twistor curve. 

Now consider the group G acting on an ASD conformally Kahler manifold 
M by holomorphic conformal isometrics with generically three-dimensional 
orbits. This gives rise to a complexified group action of Gc on the twistor 
space Z. Let Rj,j = 0, 1,2 be holomorphic vector fields on Z correspond- 
ing to the right-invariant conformal Killing vectors Rj on M. The sub- 
set of Z where Rj are linearly dependent is given by the zero set of s = 
volz{Ro, Ri, R2). As the canonical bundle k = (9(— 4), the divisor s = 
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defines a quartic and vanishes at four points on eacli twistor line. Hitcfiin 
([5], Proposition 3) sliowecjl] tliat s is not identically zero if g is not Ricci-flat 
and that the divisor when s vanishes is equal to the Pontecorvo's divisor D 
in the case when [g] is cohomogeneity one and contains a Kahler class. In 
the double fibration picture 

Mi — M X CP^ — > Z 

the section s pulls back to 

s = {d\Aiy){l,m,Ro,Ri,R2), (2.11) 

where u = V^^' A V^^' A V^^' A is the volume form on M and Rj are 
the lifts of the three generators of G to M x CP^ such that [I, Rj] = 0, 
[m,Rj] = modulo l,m,. Thus in the proof of Theorem 11.11 we will require 
that this quartic has two distinct zeros of order two. This will guarantee the 
existence of a Kahler metric in the cohomogeneity-one conformal class. 

Proof of Theorem 11.11 We will work in the complexified category and 
impose the reality conditions at the end. Let Gq be a three-complex di- 
mensional Lie group (we will eventually take Gc to be a complexification of 
the Bianchi V group, but the first part of the proof does not depend on the 
choice of Gc)- We assume that the orbits of Gc are three-dimensional, and 
the metric on C x Gc is invariant under the left translations of Gc on itself. 
One can write the null tetrad Vaa' in terms of the vector field dt and three 
linearly independent vector fields P, Q, R tangent to Gc (in the complexified 
setting the fields Q and P are independent. Once the reality conditions are 
imposed at the end of the proof, we shall set Q = —P) which are t-dependent 
and invariant under the left translations, as 

Ho' = 5t + ^p Vn'=dt-tj, Vov = P, Vio'=Q. (2.12) 

Now, let Ro,Ri, R2 be the right-invariant vector fields on G corresponding 
to three generators of the left translations. Since Rj are independent of t, 

^His result was derived for Gc = SL{2, C) but it remains valid for any three-dimensional 
group acting transitively on M, as the corresponding action of Gc preserves the points 
where Pontecorvo's divisor vanishes as long as the group action is holomorphic. Moreover 
we are allowed to work in a conformal class of gx, as the twistor equation underlying the 
Pontecorvo's divisor is conformally invariant |161 [6]. 
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one has 

[/, R,] = -R,{fo)dx, [m, R,] = -Rjih)dx. 

A direct calculation shows that there is no lift of Rj of the form Rj + Qjd\ 
for some function Qj such that [/, Rj + Qjdx] = 0, [m, Rj + Qjdx] = 
modulo l,m. Hence, we conclude that [I, Rj],[m, Rj], are identically zero. 
This implies that /o and /i are constant on G, and hence they are functions 
of A and t only. 

We claim that the quartic s as defined in (12. lip is proportional to A/0 + /1, 
with the proportionality factor given by a function h on M. Indeed, using the 
fact that V°^\ \/oo'_yii'^ yW 

are linearly independent and invariant under 
the left translations of Gc, the right-invariant vector fields Rj can be written 
in the basis of P = Vqi', Q = Vio', R = -1(^11' — Vqo')- Thus, performing 
all the contractions we are left with s oc (detif) (A/o + /i), where H is the 
matrix of coefficients of Rq, Ri, R2 written in the basis of P, Q, R. 

As det H does not depend on A, the quartic s has two distinct zeros 
of order two if and only if A/o + /i has two distinct zeros of order two 
(for the moment we rule out the case where /o and f\ are both zero which 
corresponds to a hyper-Kahler metric [1]). We shall assume that this is the 
case so that the ASD conformal structure admits a Kahler metric. It is now 
possible to use Mobius transformation to put the two zeros at and 00. The 
Mobius transformation in A corresponds to a change of null tetrad by a right 
rotation Vaa' -> Vaa'^^ b', where r is an 5/7(2, C)-valued function. Since 
the coefficients of the quartic A/o + /i are functions of t only, the required 

B' will only depend on t. Thus, the rotated tetrad is still Gc-invariant. 

With the zeros at and 00, A/o + /i is of the form a{t)\^. Let us first 
assume that a does not vanish identically. One still has a Mobius degree of 
freedom that preserves (0, 00), that is, the multiplication of A by a function 
of t. Let us use this freedom to set a{t) = 2/t. The current tetrad is some 
right rotation of the original one. It is possible to use another freedom: a left 
rotation Vaa' — >■ I'^bVaa'^ I £ S'L(2,C) to keep Vbo' — Vii/, Vqi', Vio' tangent 
to Gc- The right rotation does not change the quartic A/q + /i, and we now 
have /o, /i of the form 

f^ = h{t)\^ + c{t)\ + d{t), /i = -6(t)A=^ + Q - c(t) j A' - rf(t)A (2.13) 

for some functions 6(t), c(t), d{t). 
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Now, consider a pair of linear combinations of / and m fl2.1Up 



XI + m d 2XiRt-'^ - X'^P + Q ,^ ^ 

+ r-, 7 (2-14) 



A/o + fi dX A/o + /i 

^ hi - fom ^ d U\ - Xfo)iRt-^ - XhP - foQ 
A/0 + /1 dt^ A/0 + /1 

Since the conformal class is ASD, Theorem 12. ll means [/, m] = {. . . + ■ ■ )m. 
This in turn implies that [i^,M] = 0, modulo L and M. However, one sees 
that [L, M] does not contain dx or dt, thus [L, M] must be identically zero. 
It turns out that [L, M] = implies that b(t) = = d(t). 
The compatibility conditions [L, M] = are then given by 

tPt - i[R, P] + {tc{t) - 1)P = 0, 

2iRt-t[P,Q] = 0, (2.15) 
tQt + t[R,Q]-{tc{t) -1)Q = 0. 

This shows that a cohomogeneity-one metric (11.21) . in the tetrad (I2.12p is ASD 
if the vector fields P, Q, R satisfy the system (12.151) . where c{t) is defined in 
(127[3|) . Now, let 

R = R, P = h{t)P, Q = h-\t)Q, where /i(t) = e^("(*)~^)"'*. (2.16) 

The system (I2.15P implies that the vector fields P,Q,R satisfy 

tPt-i[R,P] = 0, 
2tRt-t[P,Q] = 0, (2.17) 
tQt + i[R,Q] = 0, 

where we have dropped the hat from the rescaled vector fields. Moreover, 
the tetrad (I2.12p constructed from a solution (P, Q,R) of (I2.17P gives the 
same metric (ll.2p as the tetrad determined from {h~^{t)P, h{t)Q, R) which 
satisfy (12.151) with c{t) = 7^ + 7- Neither the metric nor the equations (12.171) 
depend on h, so we can set it equal to 1. The resulting Lax pair (I2.14p is 



d_ {tQ + 2iXR - XHP) d (XQ + X^P) 

dX^ 2A2 ' ~dt 2A2 



where we again dropped the hat from the rescaled vector fields. 
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We conclude that any cohomogeneity-one metric fll.2l) . which belongs to 
an ASD conformal structure admitting a quartic s defined in fl2.1ip with two 
distinct zeros of order two, can be written in terms of a null tetrad fl2.12p . 
where the vector fields P, Q, R satisfy the system fl2.17p . 

The three vector fields P,Q,R can be written in the basis of left- invariant 
vector fields Lq,Li,L2 satisfying f ll.ip as 

P = po{t) Lo + pi{t) + p2{t) L2 

Q = qo{t) L^ + qi{t) Li + q2{t) L2, (2.19) 

R = ro{t) Lo + n{t) Li + r2it) L2, 

for some functions Pj{t),qj{t),rj{t). Then using the commutation relation 
(11 .ip the system (I2.17p implies that po,qo,ro are constant and that 

t{pj)t = i{roPj - porj), t{qj)t = i{-roqj + qorj), 2i{rj)t = t{poqj - qopj). 

(2.20) 

The reality conditions corresponding to Riemannian metrics come down to 
choosing R real (so that (ro,ri,r2) are all real functions) and Q = —P so 
that qj = —Pj). Equations (I2.20p then give the linear system (II. 3p . 

Let us now return to the case a = which corresponds to /o and /i 
vanishing in the distribution (I2.10p . The resulting conformal structure must 
then be hyper- Hermit ian [4] and (as the vector fields in ( I2.10p are volume pre- 
serving) it is actually conformal to hyper-Kahler. The integrability [l,m] = 
modulo I, m implies the system of Nahm equations 

Pt-i[R/t,P] = Q, 2i{R/t)t-[P,Q\ = Q, Qt + i[R/t,Q]=^. (2.21) 

Imposing the reality condition that R is real and Q = —P, (I2.2ip become 

d{rt-^) ,_ . dp dpo d{rQt~^) 

^^ = /m(poP), t- = .(rop-por), — = 0, ^^ = 0. 

The general solutions for r and p are given in terms of trigonometric and 
exponential functions depending on the constants Pq and rg/t, and the re- 
sulting metric is conformally fiat (in the proof of Proposition 11.21 we shall 
find the conformal factor which makes it fiat). 

□ 
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Our derivation of fl2.17p and fl2.18p did not depend on the choice of the 
isometry group. The system (12.1 7p describes the general isomonodromic 
deformation equations with two double poles. The corresponding Lax pair 
fl2.18p with P, Q, R given by 2 x 2 matrices was shown by Jimbo and Miwa 
[9j to give rise to the Painleve III equation. The same Lax pair also arises 
as the reduced Lax pair of the ASDYM equation, by the Painleve III group. 
It is shown to be the isomonodromic Lax pair for the Painleve III equation 
when the gauge group of the ASDYM connection is SL{2,C) [12], or (with 
certain algebraic constraints on normal forms) SL{3, C) [5]. 



2.2 Bessel equation 

For generic values of the constants (ro,Po)) the solutions to (II. 3p are deter- 
mined by two linearly independent solutions of the Bessel equatioij^. 

If Po = then r is a constant vector and equations for pi,p2 can be easily 
integrated. The resulting metric is conformally flat. 

If j9o 7^ we rescale the metric by a constant |poP and redefine (r,pi,p2, t) 
to set po = 1. Differentiating the first set of equations in (II. 3p twice, and 
using the second set of equations shows that the real functions fi = 2t~^{ri)^ 
and /2 = 2t^^(r2)j satisfy a pair of Bessel equations 

t"^ + t^ + (t' + r'o)h = 0, A; =1,2. (2.22) 

If To 7^ the general solution of the Bessel equation (12.220 is given in 
terms of Bessel functions of pure imaginary order itq 

fl = CiJiroit) + C2Yiro{t), /2 = CsJiroit) + C4Yiro(t). 

The constant complex coefficients ci, C2, C3, C4 can be chosen so that the func- 
tions fl and /2 are real, see for example [Zj. Given functionally independent 
fl and /2 we find ri,r2,pi,p2 by integrations and algebraic manipulations. 

The case ro = is special. The linear system (II. 3p now reduces to a pair 
of ODEs 

dt^ dt 



^The relation with the Bessel equation is already expected from the result of [13:, who 
classified all reductions of anti-self-dual Yang Mills equations leading (by switch map) 
to cohomogeneity-one ASD conformal structures without however determining a Kahler 
class. 
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whose solutions are given by 

n = CitJi (t) + C2tYi (t) , r2 = Cgt Ji (t) + C^tYi (t) , 

where Jq, are Fq, are Bessel functions of the first and second kind respectively 
of order a, and ci, . . . , C4 are real constants of integrations. In this case pi,p2 
must be purely imaginary and the recursion relations 

dtJo = -Ji, dtYo = -Y,, dt{tJi) = tJo, dt{tYi)=tYo (2.23) 

imply that 

pi = i(ci Jo(t) + 02^0^), P2 = i{c^Mt) + CiYo{t)). (2.24) 

Performing a linear transformation of the vector fields Li and L2 we can 
always set Ci = 1, C2 = 0, C3 = 0, C4 = 1 which yields 

r = (0, t Ji(t), tri(t)), p = (1, iMt),iYQ{t)). 

To write down the metric we invert the vector fields Ei , E2 from Theorem 
11.11 and use the fact that 2t(Fo-^i — -^0^1) = 4/vr. This yields 

g = ^{dt^ + {\y) + GABit)\^\^, where A,B = 1,2 

" 16 [-JoYo-JiY, Ji + Jf )^ 
where A°, A^, are the left-invariant one forms on G which satisfy (lAip . 

3 Kahler structure 

Proof of Proposition [TT^ The Kahler structure on M can be read off from 
the divisor f l2.1ip . In the proof of Theorem (11.11) we have moved the double 
zeros of s to and 00, which in spinor notation means that oja'b' = oi^a'I^b') 
and s ~ (cja'B'Tt"^ t^^ Y where vr"^ are the homogeneous coordinates on CP^ 
such that A = — 7r° /-k'^ , and the spinor basis is oa' = (0, l),tA' = (—1,0). 
Thus, in the null tetrad fl2.12p . the Kahler form is proportional to 

u = '-EABi^A'B'V^^' A = ^(e^ A + A e^), 
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and the space T^'''(M) of holomorphic vector fields on M is spanned by 
ViV) Vol' (equivalently by the vectors Ei and E2 in Theorem II .ip . The Frobe- 
nius integrabihty conditions 

guaranteeing the vanishing of Nijenhuis torsion follows from the construction, 
but we can also verify it directly as 

E,] = - -TOP, + -npo)L, + (— - -roP2 + -r.pojL, = 0, 

where we have used the constancy of (ro,po) and equations (II. 3p . 

To determine the conformal factor we look for a function f2 : M — )■ M 
such that d{Q'^Lj) = 0. Once this has been found the Kahler metric and 
the associated two-form u will be given by 

gK = ^^g, w = — (e^ Ae^ + e^ Ae'). 

It can be verified by explicit calculation that there is no G-invariant Q (i.e. 
there is no conformal factor which depends only on t). To demonstrate that 
: G — 7- R such that (11.51) holds gives the correct conformal factor, consider 

2ndn Acd + VI? du = 0. (3.25) 

Since dtVl = 0, one can write dQ in the basis of left-invariant one-forms 

dQ = Lo(fi)A° + Li(fi)A^ + L2{n)X^. 

The three-form du can be calculated using the expressions for the dual one- 
forms of El and E2 in Theorem 1 1 . 1 1 and the Maurer-Cartan's structure equa- 
tion (lAip . Finally, the system (II. 3p is used to simplify the LHS of (I3.25p . 
and one finds that (13.251) is satisfied if and only if (II. 5p holds. This conformal 
factor is in fact unique - it could have also been read off from the divisor as 
it is proportional to a power of ua'b'^^ ^ P- 

In the conformally flat case where s in (12. lip is identically zero, which 
corresponds to the system (I2.2ip . the same conformal factor makes g flat. 
Moreover we verify by explicit calculation that gx given by (II. 4p where s 7^ 
is Ricci flat if and only if it is flat, which proves the last part the Proposition. 

□ 
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The conformal Killing vectors generating the group action on are given 
by the right-invariant vector fields on G. If the coordinates are chosen for 
the group, these vectors are given by flA3|) . 

Example. The simplest explicit example of the scalar-fiat Kahler metric 
corresponds to tq = in Theorem 11.11 and is given by ( II .Gp . The determinant 
of the metric f ll.6p given by 

det Qk = • 

^ 1024 

Since by definition p 0, gx may be degenerate only at t = or t = oo. 
The Ricci scalar R is identically zero because the Kahler metric is ASD. The 
remaining curvature invariants are 

p TDabcd _ ^rrabcd _ 

^abcd-K — yyabcdVV — —7-7: 

pH^ pH^ 

which indicates that t = is a singularity. Rescaling the metric by a confor- 
mal factor p~'^{tf{t))~^ gives WabcdW"'^'"^ = 128/^, which needs to be regular 
if the conformal class contains a complete metric, but the regularity of the 
conformal factor requires that tf{t) is also regular and non-zero. Thus the 
norm of the Weyl tensor blows up at 0. The asymptotic behaviour of gx for 
large t is 

gK = I {dp' + p'dt') + ^{dixr + dixY). 
4 SU (oo) Toda equation 

LeBrun jrOj has shown that any Kahler metric gx with symmetry preserving 
the Kahler form admits a local coordinate system {T,x,y,z} such that 

= Wh+ ^{dr + ef, CO = We''dx Ady + dz A{dT + 9), (4.26) 

where 

h = e"(c/x2 + dy'^) + dz\ (4.27) 

Here r is a coordinate along the orbits of the Killing vector K = dr, {x, y, z} 
are coordinates on the space of orbits, and (m, W) and 9 are functions and 
a one-form on the space of orbits such that u satisfies the SU{oo) Toda 
equation f ll.7p . W satisfies the so-called monopole equation 

W,, + Wyy + {We^),, = (4.28) 
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and 6 is determined by W together with the condition dui = 0. 

The ansatz fl4.26p can be understood as follows. Given that K = dr is 
a Killing vector, the metric necessarily takes the form fl4.26p . where = 
gK{K,K) and h is a metric on the three-dimensional space of orbits. Now, 
since the Kahler form u Lie derives along K, we have 

KJu = dz (4.29) 

for some function z on the space of orbits of K. The isothermal coordinates 
X, y on the orthogonal complement of the space spanned by K and I{K) 
(where / is the complex structure) can be used together with z to parametrise 
the space of orbits. The metric then takes the form fl4.26p with h given by 
f l4.27p for some u = u{x, y, z). The integrability of the complex structure and 
the closure of the u imply fl4.28p . The scalar-flat condition gives fll.7p . 



4.1 Bessel solutions to SU{oo) Toda equation 

The scalar-flat Kahler metric (11. 6p has two Killing symmetries d/dx^ and 
d/dx"^ preserving the Kahler form. We can follow the algorithm described 
above and find the solution u of the SU (oo) Toda equation and the associated 
monopole W corresponding to a linear combination 

K = cid/dx^ + C2d/dx^. 

We shall set C2 = for simplicity. Set t = x^ so that the vector field K = dr 
and dx^ = dr. Then the metric (II. 6p takes the form (I4.26p . where 

W - J^^^y and « . -(^|±^ .(.^,. (4.30) 

Using identities (12.230 and contracting the Kahler form of (11.60 with d/dx^, 
one recovers the equations (I4.29p for z. The other two coordinates arqj 

T = X , X = — , y = — , z = — - — . (4.olj 



•^For a Killing vector given by a general linear combination of d/dx^ and d/dx^, a 
linear combination of Bessel functions appears in the final formula, and in particular 

Z _ _^ f C2 Ji - CiYi 



y \c2J0-c1Y0 
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The solution to SU{oo) Toda equation is now implicitly given by 

= (4.32) 



Formulae fl4.3ip imply that u = u{v), where v = z/y. Thus u is constant on 
the plane y v{u) — z = (compare [IB] where solutions constant on quadrics 
were constructed) and is invariant under a two-dimensional group of Lie 
point symmetries generated by vector fields 

d/dx, xdx + ydy + zdz. (4.33) 

We shall now show that the existence of these symmetries uniquely charac- 
terises f l4.32p . Any solution u of (11. 7p which is invariant under symmetries 
generated by the vector fields (I4.33P is a function u = u{v). Then (II. 7p 
becomes an ODE 

{v^ + e")u„„ + 2vu^ + M^e" = 0. 
Equivalently, interchanging the dependent and independent variables we have 

which integrates to 

= c{v^ + e") (4.34) 

for some constant c. Now we shall argue that this constant c can always 
be set to —1/2, provided that we consider solutions to the SU{oo) Toda 
equation as equivalent if they determine the conformally equivalent metrics 
(I4.27p . First, note that a transformation 

u — >u + 2l3, z — > ±e'^z, (4.35) 

where /3 is a constant is a symmetry of (11.70 which rescalles the three-metric 
by a constant factor. Now, under (I4.35p . the variable v transforms as v — > 
±e^v. This can be used to set c = —1/2. 

The equation (I4.34p with c = — 1/2 is equivalent to the Bessel equation 
of order 

fYu + tYt + t^Y = 0. (4.36) 

To see it use = e" and v = 2dulnY. The four-dimensional metric (I4.26P 
resulting from the solution u = u{z/y) together with the monopole (14.301) 
admits a conformal action of the Bianchi V group generated by 

Ro = rdr + xd^ + ydy + zd^, Ri = d^, R2 = d^. (4.37) 
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We shall now establish that given a solution u = u{z/y) to the SU (oo) Toda 
equation, the function W given by fl4.30p is (up to gauge transformation) 
the only solution to the linearised SU{oo) Toda equation fl4.28p such that 
the resulting metric fl4.26p in four dimensions defines a cohomogeneity-one 
Bianchi V conformal class. To show it, observe that the metric h in f l4.27p 
is invariant under Ri,R2 and conformally invariant h — )■ c^h under the one 
parameter group of transformations generated by Rq. This implies that the 
function W must be invariant under the Bianchi V group G and the one-form 
6 is invariant under the translations generated by Ri,R2, but transforms as 
9 ^ c 9 under the action generated by Rq. Thus the metric f l4.26p is confor- 
mally invariant under G if and only if the function W and the components 
of the one-form 9 are functions of t only. Therefore the PDE ( I4.28P for W 
becomes a second order ODE 

WtMv^ + e) + 2Wt{vt{2t + vvt) - vu{v^ + t^)) + 2W{vt - tvu) = 0. 

The invariance properties of 9 lead to one further constraint 

Wt{t^ + + 2tW = 0. (4.38) 

The relation fl4.3ip yields v = —t^ and using f l2.23p we find the general 
solution W of (USED 

Changing the proportionality constant k in W amounts to changing the co- 
ordinate r — y r/k in (14.260 and rescaling the metric by the constant k. 
Hence we can always set k = QA/tt"^, which gives the monopole W in (I4.3ip . 

Example: ASD Einstein metric with symmetry. Here we shall 
present an example of a metric (14.261) which is obtained from a monopole W 
different from (14.390 . 

It was shown in [20j that any ASD Einstein metric with symmetry and 
non-zero scalar curvature can be written as 

9E = ^ [e"(rfx2 + dy^) + dz^] + ^{dr + 9^, (4.40) 

where W = const {zUz — 2), and m is a solution to the SU (oo) Toda equation. 
Take u given by (14.320 and the Einstein monopole W with const = 1/2. Then 



dx. 
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The resulting Einstein metric fl4.4Up has negative scalar curvature and is 
non-conformally fiat. Note that the metric is not conformal to a Bianchi V 
metric. It only admits a two-dimensional group of symmetries. 



Appendix 



The real three-dimensional Lie algebra of Bianchi type V is defined by com- 
mutation relations 

[Xo, Xi] = Xi, [Xo, X2] = X2, [Xi, X2] = 0. 

We can choose its representation by 3 x 3 matrices 

100\ /010\ /OOl 

Xo=|000 , Xi= 000 , X2 = 000 
000/ \000/ \000 

The corresponding Lie group G is the multiplicative group of real matrices 
of the form 

p 

1 I, where p G M+, x^) G 
1 

The left-invariant one-forms {X^,j = 0, 1,2} corresponding to a basis {X^} 
of a Lie algebra are given by 

g^Mg = X-'Xj, where g G G. 

Hence 

AO = p-^dp, A^ = p-^dx\ A^ = p-^dx"^, 

and 

dX° = 0, d\^ = A^ A A°, d\^ = A^ A A°. (Al) 
The left invariant vector fields defined by LjJ = are found to be 

d d d 

Lq = pTT. Li = p— , L2 = p^. (A2) 

op OX^ OX'^ 
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The right-invariant one forms and vector fields can be found analogously from 
dgg~^. The algebra of isometrics of metrics from Theorem 11.11 is spanned by 
the right-invariant vector fields, which in our coordinate basis are given by 



Rq = p— + X 



d 



Ri 



d 



R2 



d 



(A3) 



+ X' 



dx'^ ' 



The left and right invariant vector fields satisfy the commutation relations 
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